For a smooth affine variety X and open subscheme U ⊂ X we get level Nisnevich local weak equivalence of S 1 -spectra
Introduction
In [3] G. Garkusha, and I. Panin using theory of framed correspondences have constructed the functor M f r : H A (k) → SH S 1 (k) which gives an A 1 -local replacement for the functor Ω Gm Σ Gm Σ S 1 and produces the infinite G m -loop spaces. It is proven In [4] G. Garkusha, A. Neshitov and I. Panin that M f r (A 1 //G m ) ≃ M f r (A 1 , G m ) def = M f r (spc(A 1 , G m )), see [3, def. 5.2] for the last term. The last result was used in [3] since it gives a computation of the spectra defined by presheaves F r(−, (A 1 //G m )) = F r(−, spc(A 1 //G m )). On other side this gives the explicit fibrant replacement of the motive of the pair (A 1 , G m ) in terms of framed correspondences. In this work we generalise the result of G. Garkusha, A. Neshitov and I. Panin for a motives of pairs of smooth affine varieties. This gives the positively fibrant Ω-resolution of the suspension spectra of the pair (X, X − Y ) in terms of framed correspondences, where X ∈ Sm k and Y ⊂ X is closed. As noted in the [3, remark 5.3] any computation of M f r as M f r is the result of independent interest. Theorem 1. Suppose X is smooth affine scheme and U ⊂ X is an open subscheme; then the morphism α : X//U → (X, U) induces the level-wise Nisnevich local weak equivalence of S 1 -spectra M f r (X//U) → M f r (X, U), and moreover the sequence
is a local homotopy cofibrant sequence in Nisnevich topology.
Briefly [4, theorem 1.1] consists of three parts: to reduce the question to the quasi-equivalence of complexes of sheaves of abelian groups C * ZF (A 1 )/C * ZF (G m ) ≃ C * ZF (A 1 /G m ); to prove the equivalences
where the first one is the Nisnevich local equivalence, and the right side is the quasiisomorphism of complexes of abelian groups, and C * (F ) is defined by the internal hom functor Hom(∆ • , F ). Similarly, in the present work we split to proof in two equivalence
where the first one is the Nisnevich local equivalence of pointed sheaves, and the second one is the section-wise simplicial weak equivalence of simplicial presheaves.
The main content of the work is to prove the moving lemma that provides the second equivalences in (1) . It is obtained by some kind of general base arguments. Also we replace the reasoning dealing with filtration on the presheaves of abelian groups by the argument that holds for the case of presheaves of sets. Namely the argument involves the telescope simplicial presheave assigned to the filtration on the presheaf indexed by simplicial set.
Let's note that we give the result for affine schemes so the proof works for any quasi-affine scheme X, in other words a scheme that admits an ample bundle.
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Notations
Sm k denotes the category of smooth separated schemes of finite type over the base field k. For a scheme X and a vector of regular functions φ = (φ i ), φ ∈ k[X], we denote by Z(φ) the common vanishing locus of functions φ i .
Framed correspondences
Let's recall some definitions and results from [3] and [4] . Definition 1. For any smooth varieties U, X and closed smooth Y ⊂ X an explicit frame-correspondence of the rank n from U to the pair (X, X −Y ) is the set (Z, V, ϕ, g), where Z is reduced closed subscheme in
) is the set of equivalent classes of explicit frame correspondences from U to (X, X − Y ) under the following equivalence relation: Two explicit framecorrespondences
2 ) are equivalent whenever Z 1 = Z 2 = Z and there is an explicit frame-correspondence Φ = (Z, V, ϕ, g) with morphisms on Nisnevich neighbourhoods
Let ZF r n (U, (X, X − Y )) be the abelian group generated by F r n (U, (X, X − Y )) with relation
where
where F r n (U, (X, X − Y )) → F r n+1 (U, (X, X − Y )) takes the class of explicit framecorrespondence (Z, V, ϕ, g) to the class of (
Proof. The proof is by the same argument as in [4, corollary 5.3] with replacing of Y ∧ T l by Y /U and ZF r by F r n . Firstly let us note that because of the standard reason we have the sectionwise simplicial weak equivalence F r(Y //X) ≃ F r(Y )/F r(U) of pointed presheaves. Now we need to show that for any henselian local 
3 Moving lemma.
In this section for X ∈ Af f Sm k and a closed subscheme Y ⊂ X we construct a natural homotopy which moves sections of the presheave ZF r(−, (X, X − Y )) to sections of ZF r qf (−, (X, X − Y )). More precisely, we consider the set of "global defined" data ξ that gives a natural homotopy form some subpresheave F r
). This set is parametrised by some affine space Γ = A ∞ k . The moving lemma states that the subset U ∈ Γ consisting of ξ such that F r ξ n (, (X, X − Y )) ∋ Φ, for a given explicit frame-correspondence Φ ∈ F r n (−, (X, X − Y )), is open and codim Γ (Γ \ U) = ∞.
This moving lemma allows to construct a filtration lim
Definition 3. Given a scheme Y and integers n and i, we put
Proposition 2. Let U be a scheme and
Proof. Let O(1) denote an invertible sheaf on P n × X that is the inverse image of O(1) on P n . Define schemes E = A n × X × U and E = P n × X × U, and let's denote the inverse image of O(1) on E by the same symbol. Since X and U are affine, it follows that invertible sheaves O(1) on P n × X and E are ample. Let [x 0 : x 1 : . . . x n ] denote coordinates on P n . Next, define the regular map
Since Z = ψ −1 (0×Y ×U) is finite over U, it follows that ψ is quasi-finite over 0×Y ×U. Let's shrink V to a preimage of some Zariski neighbourhood
Let pr 1 :
where E T = E × T for any scheme T over k. 
n . The scheme P n ×X ×p is the fibre of E over the point pr 2 (p) ∈ U. Let's consider the universal restriction homomorphism over m E . It is the surjective morphism of coherent sheaves on 
Then the Serre theorem (we mean the relative version) yields that for enough big d the last homomorphism of sheaves is surjective. The sheaf r * (O(d n )) is the constant sheaf on m E defined by to the k-vector space Γ(P n × X, O(d)) n , and on the other side,
where the second summand in the last equality denotes the constant sheave on
n .
Hence for any point
Then, since surjectivity of homomorphism of coherent sheaves implies surjectivity of the homomorphism of groups of fibres, it follows that the homomorphism
is surjective for any point p.
Thus since there is a diagram of pointed sets with Cartesian squares
nm is surjective for any p. 
Let's consider the universal sections = (s
Proof. Since dimension of a variety doesn't change under the extension of the base filed to its algebraic closure, we can assume that the base field k is algebraically closed.
Consider the following commutative diagram of schemes over U with Cartesian square
Since for any rational point p ∈ m V homomorphism r (φ,g)(p) is surjective (see lemma 1), it follows that codim Γ d S p nm, where S p denotes the fibre of S over p. Since we've assumed that k is algebraically closed, it follows that dim S dim
Rational points of the subscheme B in Γ d × U are precisely pairs (s, u), where s ∈ Γ(E, O(d) n ), and u is rational point of U, such that the vanish locus Z((ϕ, g)
Finally, let's note that it follows from the definition of B above that if Φ ∈ F r
n is a section such that s i I(0×Y ) 2 = x i ; then denote by Φ s ∈ F r n (U, (X, X − Y )) the framed correspondence defined by the class of the set (Z, V, ζ • ϕ, g), where ζ : A n X → A n X is the regular map defined by functions
Assume k is infinite. a) For any scheme U and a framed correspondence
there is an integer d and an open subset U in the affine space
n such that for any vector of sections s = (s i ) ∈ U we have Φ s ∈ ZF r qf n (U, (X, X − Y )) b) For any scheme U and framed correspondence
there is an integer d and a vector of sections s = (
Proof. a) The claim is contained in proposition 2. b) By proposition 2 for some sufficiently big d there is an open subscheme Definition 5. Let F be a presheaf of pointed sets and let Denote by F × A 1 the naive sectionwise product of presheaves, i.e. the presheaf given by
of presheaf F and denote by i l : F l → F l+1 the canonical inclusion. Define a telescope of the filtration F * as the pointed presheaf
where the coproducts are with respect to the inclusions i l × 1 :
Lemma 3. For any presheaf F with the filtration (2) the canonical morphism Tel(F ) → F is an A 1 -homotopy equivalence Proof. Clearly for any presheaf F the canonical morphism Definition 6. We generalise the notion of the telescope to the case of a filtrations indexed by an arbitrary ordered set, see def. 5) for the case of Z. Let F be a presheaf of pointed sets. For a variety X denote by F × X the naive sectionwise product of presheaves, i.e. put (F × X)(U) = F (U) × Map(U, X).
Let A is an ordered set and F α ⊂ F , α ∈ A, be a filtration on A, i.e. F = α∈A F α and F α ⊂ F β for α < β.
Define a telescope of the filtration F * by the following. Consider the ordered set CA of finite linearly ordered subsets of A, i.e. the category with objects being the sets
We get the functor CA to the category of subpresheaves of F . Now we put
where ∆ n denote the affine n-dimensional simplex over the base the morphisms F s 1 × ∆ #s 1 → F s 2 × ∆ #s 2 are given by the product of F s 1 → F s 2 and ∆ #s 1 → ∆ #s 2 is the face map corresponding to the inclusion s 1 ⊂ s 2 .
Lemma 4. For any presheaf F with the filtration (2) indexed by the filtering set A the canonical morphism Tel(F ) → F is an A 1 -homotopy equivalence.
Proof. Clearly for any presheaf F the canonical morphism F × ∆ n → F is an A 1 -equivalence. For any α ∈ A denote by 
